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ABSTRACT
S e v e r a l com plem entary te c h n iq u e s  a re  a p p lie d  to  th e  stu d y  o f  th e  
o r ie n t a t io n a l  t r a n s i t io n  in  a r e s t r i c t e d  l a t t i c e  m odel o f  r ig id  l in e a r  
dim ers w ith  f i n i t e  in t e r a c t io n s  betw een  c o n tig u o u s  m o le c u le s , on th e  
square l a t t i c e .  The r e s t r i c t i o n  h as th e  e f f e c t  o f  f o r c in g  th e  ordered  
phase to  resem b le e i t h e r  a sm e c t ic  or a n em atic  l iq u id  c r y s t a l .  I t  i s  
shown th a t  th e  symmetry o f  th e  e q u ilib r iu m  s t a t e  i s  broken fo r  some 
in t e r a c t io n s  and th a t  th e  e q u ilib r iu m  s t a t e  i s  unique fo r  o t h e r s .  
Thermodynamic a n a l y t i c i t y  i s  e s t a b l is h e d  fo r  h ig h  tem p era tu res .
I .  INTRODUCTION.
A. The G enera l Problem . C o n sid era b le  a n a ly t i c a l  and n u m erica l work 
has been  done on th e  stu d y  o f  dense f lu id s  and t h e i r  phase t r a n s i t i o n s .  
W ith th e in c r e a se d  i n t e r e s t  in  th e  b eh a v io r  o f  l iq u id  c r y s t a l l i n e  
sy ste m s, a s im i la r  model a p p lic a b le  to  such system s has e m e r g e d --r ig id  
s t r a ig h t  p o ly m eric  m o le c u le s  th a t  are  c o n str a in e d  to  f i t  on some l a t ­
t i c e .  These l a t t i c e  gas sy stem s can be s tu d ie d  from a number o f  v ie w ­
p o in t s ,  b u t th e p r in c ip a l  o b j e c t iv e  o f  t h i s  work i s  to  d e r iv e  r ig o r ­
ous r e s u l t s  th a t  shed some l i g h t  on th e  n a tu re  o f  th e  presumed phase  
t r a n s i t io n  fo r  a s p e c i f i c  exam ple o f  t h i s  type o f  m odel— th e r e s t r i c t e d  
dim er m odel.
B. R e s tr ic te d  Dimer M odel. The u n d e r ly in g  l a t t i c e  fo r  t h i s  m odel i s  
th e square l a t t i c e .  On t h i s  l a t t i c e  are p la ce d  d im ers whose w id th  i s  
th e  edge o f  th e  u n i t  c e l l  o f  th e  square l a t t i c e .  The dim er may be o f  
h o r iz o n ta l  or  v e r t i c a l  o r ie n t a t io n ,  b u t no two m o le c u le s  may o v e r la p .  
The m odel i s  fu r th e r  r e s t r i c t e d  fo r  m ath em atica l s im p l ic i t y :  th e  l e f t
end o f  a h o r iz o n t a l  dim er and th e  bottom  o f  a v e r t i c a l  dim er m ust r e ­
s id e  on a l a t t i c e  s i t e  whose coord im ates ( x ,y )  s a t i s f y  th e  c o n d it io n
x = y (mod 2 ) .  Such a l a t t i c e  s i t e  i s  den oted  a r e fe r e n c e  s i t e .
These r e fe r e n c e  s i t e s  make up th e  r e s t r i c t e d  square l a t t i c e .  A r e f e r ­
en ce  s i t e  i s  n o t  n e c e s s a r i ly  o ccu p ied  by a d im er.
The d im ers may in t e r a c t  by way o f  a n e a r e s t -n e ig h b o r  p a ir  p o t e n t i a l .  
For two a d ja c e n t  p a r a l l e l  d im ers, th e  p a ir  p o t e n t ia l  i s  a; fo r  two 
p e r p e n d ic u la r  d im ers , th e  p a ir  p o t e n t ia l  i s  b (F ig u r e  l ) .  I t  i s  a s ­
sumed th a t  n o t  b o th  a and b are  z e r o .  The o th e r  n e a r e s t  n e ig h b o r  in ­
t e r a c t io n ,  c ,  fo r  end to  end dim ers i s  a l s o  o f  in t e r e s t ;  how ever, a 
fundam ental tr a n sfo r m a tio n  in tro d u ced  in  S e c t io n  IV I s  in v a lid a te d  fo r
n o n -z e r o  c .  So, c i s  s e t  eq u a l to  z e r o .  A l l  o th e r  p a ir  and h ig h e r  
ord er many-body p o t e n t ia l s  are  s e t  e q u a l to  z e r o .
Two in t e r e s t in g  ty p e s  o f  c lo se -p a c k e d  ordered  s tr u c tu r e s  fo r  th e  
r e s t r i c t e d  dim er model are  shown in  F ig u re  2 .  These s tr u c tu r e s  have  
th e  appearance o f  th e  phase s t r u c tu r e s  o f  n em atic  and sm e c tic  l iq u id  
c r y s t a l s  ( in te r m e d ia te  p h ases th a t  some o r g a n ic  s o l id s  go through in  
m e lt in g ) .  Those names w i l l  be used  to  d en o te  th e se  two c lo se -p a c k e d  
ordered  s t r u c t u r e s .  The in t e r a c t io n  en ergy  per dim er fo r  th e c l o s e -  
packed n em atic  ( s m e c t ic )  s tr u c tu r e  i s  2a (a + 2 b ) . The n em a tic  ( s m e c t ic )  
s tr u c tu r e  i s  e n e r g e t i c a l l y  favored  i f  a<2b (a > 2 b ) .
C. G eneral O u tlin e  o f  Methods Used in  S tu d y .
1 . Y an g-L ee-R u elie  Theorem. I t  i s  w e l l  known th a t  d im ers on th e un­
r e s t r i c t e d  l a t t i c e  do n o t  have a phase t r a n s i t i o n  i f  th ey  do n o t  i n ­
t e r a c t  e x c e p t  fo r  th e  hard co re  e x c lu s io n .  (S e e  1 , 2 , 3 , ^ . )  For th e  
sake o f  co m p le te n e ss , t h i s  w i l l  be shown by th e  Y an g-L ee-R u elle  
Theorem ( 5 ) fo r  th e r e s t r i c t e d  dim er prob lem . The Y an g-L ee-R u elle  
(YLR) . Theorem lo c a te s  r e g io n s  in  th e  com plex a c t i v i t y  p la n e  ( a c t iv i t y =  
exp(pp ,), p = l/k T , p,=chem ical p o t e n t ia l ,  T = tem perature, and k=B oltzm an's  
c o n s ta n t)  where the Grand C an on ica l P a r t i t io n  F u n ctio n  fo r  th e  l a t t i c e  
g a s , Z, d o es  n o t  have any z e r o s .  In such r e g io n s  th e  thermodynamic 
fu n c t io n s  m ust be a n a ly t ic  w ith  r e s p e c t  t o  z ,  s in c e  th ey  depend upon 
l o g ( z ) .  I t  w i l l  be shown th a t  such a r e g io n  can be found th a t  in ­
c lu d e s  the e n t ir e  r e a l  p o s i t i v e  a x i s .  T h is im p lie s  th a t  th e  therm o­
dynamic fu n c t io n s  are a n a ly t ic ;  h e n c e , t h i s  r e g io n  m ust be o f  one 
p h a se . T h is  id e a  fo l lo w s  from th e  c o n v e n t io n a l a s s o c ia t io n  o f  n on -  
a n a l y t i c i t y  o f  a thermodynamic fu n c t io n  w ith  a phase ch an ge. In a d d i­
t io n ,  i f  a and b are n o t  b o th  z e r o , t h i s  theorem  w i l l  be used  to  f in d
a con n ected  r e g io n  in  th e  p-|j, h a l f - p la n e  where Z i s  a n a ly t ic ;  h en ce , 
the system  in  t h i s  r e g io n  m ust be o f  one p h a se .
2 .  D ob ru sh in 's  U niqueness Theorem. D obrushin  (6 )  has in tro d u ced  th e  
id ea  o f  a random f i e l d  and i t s  d i s t r ib u t io n  a p p lie d  to  square l a t t i c e  
gas sy s te m s . T h is random f i e l d  i s  th e o c c u p a tio n  numbers o f  a l l  th e  
l a t t i c e  s i t e s .  In a d d it io n ,  t h i s  f i e l d  and i t s  d i s t r ib u t io n  i s  c a l le d  
"G ibbsian" i f  th e  p r o b a b i l i t y  o f  a c o n f ig u r a t io n  a  i s  g iv e n  by  
q^=exp [-p u (o ') ] / Z ,  where u ( 0;) i s  th e  f r e e  en ergy  o f  th e c o n f ig u r a t io n
a  in  V fo r  a l l  f i n i t e  V in  a square l a t t i c e .  D obrushin has c la im ed  
th a t  when th e  G ib b sian  d i s t r ib u t io n  f o r  s p e c i f i e d  p ,^ , and p o t e n t ia l  
i s  unique th a t  th e r e  i s  no s e p a r a t io n  o f  p h ases ( 6 , 7 ) •  E s s e n t i a l l y ,  
u n iq u en ess  o f  th e  G ib b sian  d i s t r ib u t io n  im p lie s  th a t  th e  o c c u p a tio n  
number o f  one l a t t i c e  s i t e  m ust n o t  unduly in f lu e n c e  th e  p r o b a b i l i t y  
o f  a s i t e  b e in g  o c c u p ie d . I f  T i s  la r g e  enough, th e  p r o b a b i l i t y  o f  a 
s i t e  b e in g  occu p ied  sh ou ld  be c lo s e  to  th e  co rresp o n d in g  p r o b a b i l i t y  
fo r  an id e a l  gas fo r  w hich  th e  m o le c u le s  a re  r e l a t i v e l y  in d ep en d en t.
As (j,-»-oo, th e  p r o b a b i l i t y  o f  any s i t e  b e in g  o ccu p ied  i s  c lo s e  to  zero  
fo r  any c o n d it io n ,  so  th e  o c c u p a tio n  o f  one s i t e  d oes n o t g r e a t ly  
a f f e c t  th e  p r o b a b i l i t y  o f  a n o th er  s i t e  b e in g  o c c u p ie d . D obrushin  ( j )  
has proved a theorem  (w hich  w i l l  be used  in  S e c t io n  I I I )  th a t  system ­
a t i z e s  th e  c o n d it io n s  under w hich  lo c a l  p e r tu r b a t io n s  in  a c o n f ig u r a ­
t io n  do n o t  g r e a t ly  in f lu e n c e  th e  G ib b sia n  d i s t r i b u t i o n .
3 .  Contour M ethod. W hile i t  can  be e a s i l y  shown th a t  t h i s  m odel d o es  
n o t have a phase t r a n s i t io n  f o r  a=b=0, i t  i s  n o t  a t  a l l  ob v io u s fo r  
a r b itr a r y  v a lu e s  o f  a and b th a t  a phase t r a n s i t i o n  w i l l  o c c u r  fo r  low  
enough T . As a m a tter  o f  f a c t ,  th e r e l a t i v e  r o l e s  o f  a t t r a c t i v e  and 
r e p u ls iv e  fo r c e s  in  m esom orphic t r a n s i t i o n s  has n e v e r  been s e t t l e d .
I t  I s  n a tu r a l t o  presume th a t  th e  a n a ly t ic  r e g io n  in  th e  0-p, h a l f ­
p lan e  deduced by th e  YLR Theorem and th e  random f i e l d  u n iq u en ess  r e g io n  
in  th e  p-p, h a lf -p la n e  deduced by D obrush in 1s U niqueness Theorem rep ­
r e s e n t  th e  same p h a se , s p e c i f i c a l l y ,  th e  randomly o r ie n te d  phase* I f  
in d eed , a phase t r a n s i t i o n  o c c u r s , i t  i s  t o  be ex p ec te d  th a t  an o r ie n ­
t a t io n a l  t r a n s i t io n  w i l l  ta k e  p la c e  to  th e  n em atic  or  sm e c tic  c l o s e -  
packed s t r u c t u r e .  The q u e s t io n  i s  w hether or n o t  th e  sy stem  can s u s ­
t a in  lon g  range ord er  through sh o r t  range in t e r a c t io n s .  T h is typ e o f  
q u e s t io n  has been answ ered fo r  a number o f  m odels u s in g  th e  con tou r  
method ( 7 , 8 , 9 , 1 0 ) .
The b a s ic  l i n e  o f  r e a so n in g  has s e v e r a l  s t e p s .  C lose-p ack ed  m ole­
c u le s  o f  n em atic  ( s m e c t ic )  s tr u c tu r e  are  p la ce d  o u ts id e  th e volum e V . 
C ontours are drawn around groups o f  d im ers o f  m isa lig n e d  s t r u c t u r e .
The p r o b a b i l i t y  o f  such  a co n to u r  i s  d e r iv e d .  I t  i s  n o ted  t h a t  th e  
p r o b a b i l i t y  t h a t  a r e fe r e n c e  s i t e  i s  o ccu p ied  by a dim er o f  th e  "wrong" 
s tr u c tu r e  i s  bounded above by th e  sum o f  th e  p r o b a b i l i t i e s  o f  occu ren ce  
o f a l l  co n to u rs th a t  can a r i s e  from "wrong" dim ers b e in g  in  th e v i c i n i t y  
o f  th e  r e fe r e n c e  s i t e .  I t  i s  th en  shown th a t  t h i s  p r o b a b i l i t y  i s  l e s s  
than 1 /2  fo r  low enough tem p era tu re . The boundary c o n d it io n s  are  th en  
changed s l i g h t l y  so  t h a t  i f  a dim er a t  a r e fe r e n c e  s i t e  was "wrong" i t  
i s  now " r ig h t"  fo r  th e  a l t e r e d  boundary c o n d it io n s .  (The boundary  
s tr u c tu r e  must s t i l l  be n em a tic  ( s m e c t i c ) . )  The same argum ents are  
r e p e a te d . I f  a l l  t h i s  can  be shown to  in d ep en d en t o f  th e  s i z e  o f  V, 
th en  th e  system  can su p p o rt lo n g  range ord er  through s h o r t  range in ­
t e r a c t i o n s .  T h is i s  tr u e  s in c e  th e  a lig n m en t o f  a p a r t ic u la r  dim er 
depends on th e  a lig n m en t o f  th e  boundary dim ers w hich  may be q u ite  
d is t a n t  from th e r e fe r e n c e  s i t e  in  q u e s t io n .
k .  P e r tu r b a tio n  M ethod, I f  i t  i s  assumed a t  low tem p era tu res th a t  
th e r e  c o e x i s t s  a random phase and a c lo se -p a c k e d  p h a se , th en  a z e r o th  
ord er  p e r tu r b a t io n  c a lc u la t io n  can be made by e q u a tin g  th e  ch em ica l 
p o t e n t ia l s  and th e  p r e ssu r e s  o f  each  p h a se . I t  m ust be s t r e s s e d  th a t  
such a c o e x is t e n c e  i s  an a ssu m p tio n . I t  d o e s ,  how ever, p ro v id e  a u s e ­
f u l ,  i f  n o t  c o m p le te ly  r ig o r o u s , asym ptote f o r  th e  presumed phase  
c o e x is te n c e  in t e r f a c e .  The c a lc u la t io n  i s  done in  S e c t io n  V ,
I I .  ANALYTIC REGION FROM YANG-LEE-RUELLE THEOREM.
A. Y an g-L ee-R u elle  Theorem. For a l a t t i c e  gas sy stem , Z (Grand P a r t i ­
t io n  F u n ctio n ) i s  g iv e n  by
„  V
Z = ^ e x p [ £ i :  ( j ^ ]  e x p O p u U j , , . . . , ^ ] ,  
o' * *
where U i s  th e  p o t e n t ia l  en erg y  o f  th e  g a s ,  x^ i s  th e  o c c u p a tio n  num- 
til
b er  o f  th e  i  s i t e  ( 0  or l ) ,  and a  la b e l s  c o n f ig u r a t io n s .  I f  a d i f ­
fe r e n t  a c t i v i t y  i s  a s s o c ia t e d  w ith  each  s i t e  ( z ^ = s i t e  a c t i v i t y =  
exp [p M,x1] ) ,  then
My V*—»v »-• f—i r- -» -»
z  = L  L L  L / 1 z i j  e x p ^ P u ( x i » , **»xv ^ J »
n=0 a l l  a  i = l  
such th a t  
J X l=n
where M̂  i s  th e  maximum number o f  p a r t i c l e s  th a t  can  be packed in t o  V .  




where Z  ̂ i s  th e  c a n o n ic a l p a r t i t i o n  fu n c t io n  fo r  n  p a r t i c l e s .  A n oth er  
way o f  w r it in g  Z i s
Z = Z (V ,z) = j'j’ ( l - z / w v ) ,
w here w^ a re  th e  v = s o lu t io n s  t o  th e  e q u a t io n  Z (V ,z ) »  0 .
I f  th e  l i m i t s  e x i t s  ( f o r  th e  b u lk  therm odynam ic l i m i t ) ,  th e  fo l lo w in g
r e la t io n s  h o ld :
P res su re/k T  = P/kT = lim  1 lo g (Z y )
V -+ 00 V
D e n s ity  = p = lim  a   1 l o g ( z ^ ) .
v -»oo a( iogz) v
Gruber and Kunz (2 )  have shown th a t  th e s e  l im i t s  do e x i s t .  A l l  th e  
are p o s i t i v e ,  so  fo r  f i n i t e  My, no r o o t  can be a r e a l  p o s i t iv e  
number. As V in c r e a s e s ,  th e  r o o ts  move about in  th e  com plex p la n e , and 
t h e ir  number in c r e a s e s  l i n e a r l y  w ith  V. The d i s t r ib u t io n  o f  th e s e  
r o o ts  as V -» co g iv e s  th e  com p lete  a n a ly t i c  b eh a v io r  o f  th e  d e f in e d  
thermodynamic f u n c t io n s .  So, i f  some o f  th e  r o o t s  c l o s e  in  on th e  p o s­
i t i v e  r e a l  a x is  in  th e  b u lk  therm odynam ic l i m i t ,  th e r e  may be s in g u la r  
b eh a v io r  in  P and p in d ic a t in g  a phase t r a n s i t i o n .  I f  Z (z ) 0 ,  P and 
p are a n a ly t ic  fu n c t io n s  o f  z .
The YLR Theorem i s  a g e n e r a l theorem  to  f in d  r e g io n s  in  th e  com plex  
z p la n e  fo r  w hich  Z (z) j6 0 ( f o r  any in t e r a c t io n  p o t e n t ia l s  betw een  par­
t i c l e s  o f  a l a t t i c e  g a s ) .  L et d en o te  th e  s i t e s  o f  some l a t t i c e
( I q I <  o o ) .  L et o' in d ex  a f i n i t e  c o l l e c t i o n  o f  s u b l a t t i c e s  ( q  ) .  I fI I Q,
th e  c o l l e c t i o n  o f  s u b l a t t i c e s  [Q ) c o n ta in s  a l l  th e  s i t e s  o f  ft and a l l
a
th e  p o s s ib le  p o t e n t ia l  in t e r a c t io n s  o f  th e  main l a t t i c e ,  i t  i s  a 
" coverin g"  o f  ft. A s s o c ia te d  w ith  each  c o v e r in g  s u b l a t t i c e  ft^ th e r e  i s  
a grand c a n o n ic a l p a r t i t i o n  fu n c t io n  Z  ̂ th a t  i s  a fu n c t io n  o f  a s  many
s i t e  a c t i v i t i e s  ( I f t  I )  a s  th e r e  a r e s i t e s  in  ft . A ss o c ia te d  w ith  each
1 a 1 cn
a  and each  s i t e  a c t i v i t y  i  in  ft^ i s  a s e t  o f  r e g io n s  o f  th e  com plex
p la n e , denoted  M , w ith  th e  f o l lo w in g  p r o p e r t ie s :
Of) 1
1. M . i s  c lo s e d .
a ,  i
2 .  0 i  M
oti i
N e ith e r  th e  c h o ic e  o f  {0^} or   ̂ ( l  = 1 , . . . , | q | )  i s  unique fo r  any  
g iv e n  problem .
YANG-LEE-RUELLE THEOREM. I f  th e  r e g io n s  M . are  ch osen  ( f o r  each  a)
a ,  i
so  th a t  th e req u irem en t z .  e ''•M . fo r  a l l  s i t e s  in  Q. , in s u r e s  th a t
i  Oh i  a
Z ^ 0 , th en  th e  s im ila r  s ta tem en t can be made fo r  th e e n t ir e  l a t t i c e :01
e ~R^ fo r  a l l  th e  s i t e s  in  Q in s u r e s  th a t  £ 0 ,  where R  ̂ i s  th e
r e g io n  o f  th e  com plex p lan e  g iv e n  s y m b o lic a l ly  by th e  " s e t  product"
R. = - t t ( - M  ) ,  th e  p rod u ct b e in g  over a l l  v a lu e s  o f  o' such th a t  Q 
1 o' a,  i  a
c o n ta in s  a s i t e  a c t i v i t y  o f  s i t e  i .  I f  th e  in t e r s e c t io n  o ver  a l l  
v a lu e s  o f  i  = 1 , . . . , | q | ,  S = ^ i ~ R ^  i s  n o t  em pty, th en  Z (z ) f  0  in  S .
The sym bols ~X s ta n d s  fo r  th e complement o f  th e  s e t  X.
B. R e s tr ic te d  Dimer Model w ith o u t A ngular F o r c e s . The l a t t i c e  gas  
as d e fin e d  thus fa r  has an in t e r a c t io n  am b igu ity  a s s o c ia t e d  w ith  each  
s i t e .  (The dim er can be o r ie n te d  two w a y s .)  T h is  problem  can be c i r ­
cumvented by u s in g  an a u x i l ia r y  l a t t i c e  w hich i s  formed by p la c in g  
l a t t i c e  s i t e s  a t  th e  m id p o in ts  o f  l i n e s  c o n n e c tin g  n e a r e s t  n e ig h b o rs  o f  
the r e s t r i c t e d  square l a t t i c e  ( 4 ) .  An o r ie n t a t io n  i s  a u to m a t ic a lly  
a s s o c ia t e d  w ith  each  a u x i l ia r y  s i t e .  An x w i l l  be used to  d en o te  a v e r ­
t i c a l  dim er s i t e ,  and an o w i l l  be used to  d en o te  a h o r iz o n t a l  dim er  
s i t e .  A heavy l in e  w i l l  be used to  r e p r e se n t  a fo rb id d en  c o n f ig u r a t io n  
betw een  two s i t e s .  A l i g h t  l i n e  w i l l  be used  to  r e p r e s e n t  an ' a 1 in t e r ­
a c t io n .  A broken l i n e  w i l l  be used to  r e p r e se n t  a ' b ' in t e r a c t io n .  A 
p o r t io n  o f  th e a u x i l ia r y  l a t t i c e  i s  shown in  F ig u re  3« N ote th a t  i f  a= 
b=0, th e  in t e r a c t io n  i s  o n e -d im e n s io n a l;  h e n c e , th e r e  can be no phase  
t r a n s i t io n  s in c e  t h i s  m odel has f i n i t e  range in t e r a c t io n s  ( 1 2 ) .
For a = b = 0 ,  th e  l a t t i c e  Q can be covered  by tw o -p o in t  l a t t i c e s  
and t h e ir  in t e r a c t io n s .  E very l a t t i c e  s i t e  i s  covered  tw ic e .  So , each  
R  ̂ in v o lv e s  th e  s e t  prod u ct o f  two r e g io n s  in  th e  com plex p la n e . The 
p a r t i t i o n  fu n c t io n  fo r  fi can be w r it t e n  down im m ed ia te ly . (They are  
a l l  the same e x c e p t  fo r  dummy v a r i a b l e s . )
Z = 1 +  z +  z
a  i d
T h is has been examined p r e v io u s ly  ( ^ ) ,  but a c o m p le te ly  r ig o ro u s  proof
had n o t  been o f f e r e d .  L et M = M  , = M  _ =  fz lR e z  <  - 1 / 2 } .  So,
a , l  c*,2 J
Ri  = f “ z i z 2f Z1 e M’ z 2 e M̂ *
To f in d  th e boundary o f  R^, th e  fo l lo w in g  lemma i s  n eed ed .
LEMMA. Given th a t  z gM, and z .e M ., Ô M , O^M., th en  th e boundary o f th e
i  i  J J i  J
s e t  product o f  M̂ M̂  = R must come from th e  prod u ct o f  boundary p o in ts
from M. and M .. 
i  J
P roo f: To say  th a t  th e r e  i s  a p o in t  p in t e r i o r  to  R i s  to  sa y  th a t
th e r e  e x i s t s  a neighborhood  e>0 such  th a t  a l l  p o in ts  q in  t h i s  n e ig h b o r ­
hood b e lo n g  to  R, or
| p - q | < e ,  PeR,  qeR.
L et p=z^Zj, w ith  a t  l e a s t  one z ( s a y  z ) an in t e r i o r  p o in t .  C a ll  z^=&.  
( i t  i s  h ere  th a t  z^ cou ld  be r e p la c e d  by a p rod u ct o f  z ' s  from  v a r io u s  
r e g io n s  w ith o u t a f f e c t i n g  th e  argum ent. T h is  would a llo w  th e  e x te n s io n  
o f  t h i s  lemma to  s e t  p rod u cts  o f  more than two s e t s . )
So , |j&Zj-qj<e i s  what i s  w an ted .
P ick  q = j j [ (x .+ 6 , ) + i ( y .+ 6 p ) ] .
J  1  j  ez.
S in ce  z i s  an in t e r i o r  p o in t  o f  M ., i t  m ust be bounded away from  th e
j J
boundary l i n e  o f  th e  s e t .  So, p ic k  6^ and such  th a t  (x^+b^J+Cyj+S^)
i s  s t i l l  i n t e r i o r  to  M^. C a ll  th e  sm a lle r  o f  th e  maximum |6 jJ  , | 6^ | 
such  th a t  th e  p rece d in g  r e la t io n s h ip  i s  s a t i s f i e d  A* Then any p o in t  o f
th e form (X j+ f i^ + ify + f ig ) , | f i1 |<A, |6 2 |<A i s  i n t e r i o r  t o  M . I t  i s  n e c e s ­
sa ry  to  be su re th a t  a l l  p o in ts  q are  covered  in  th e  neighborhood  e
or X(xj + iy j ) - Je [ ( x j + 61 ) + i ( y j +62 ) ]  = Kj + iK g,
2 2 2
where |KjJ +  |K2 | <  e . T hese e q u a tio n s  can b e e a s i l y  so lv e d  s in c e
i t  0 .  The fundam ental r e la t io n s  are
R e U )6 j  +  Im U )6 2 =
TmU)&1 +  R e U )6 2 = Kg.
So,
6j_ = ^ R e fjB j-K g M x )
u i 2
§2 = K2 R e(^ )-K 1Im(J(j)
U I 2
The in v e r se  has been found t h a t  f i l l s  th e  neighborhood e .  P ick  e® |x |A -  
C e r ta in ly , a l l  p o in ts  in  th e neigh b orh ood  can be found, th e  q u e s t io n  i s  
w hether or n o t a l l  q are from p o in t s  in t e r i o r  to  M ̂ . W e ll,
| p -q |< e  = | £ | A>
Uzj-^CCxj+Sj^J+iCyj+Sg)]! < |4|A,
l 6 l + i 5 gl  <  A '
So, | 6 ^|<A> and [6 2 1<A» w hich im p lie s  th a t  th e  p o in t  must come from the  
i n t e r io r  o f  . S in c e  any s e t  p ro d u cts  o f  p o in t s  com ing from th e  in t e r ­
io r  c o n ta in  a t  l e a s t  one m u lt ip lic a n d  from th e in t e r i o r  o f  one o f  th e  
m u lt ip lic a n d  s e t s ,  th e  boundary p o in ts  o f  th e  s e t  product m ust come from  
th e boundary p o in ts  o f  th e  s e t s  in v o lv e d . Q .E .D .
In t h i s  c a s e ,  the boundary o f  R^=R ( f o r  a l l  i )  comes from th e p rod u ct 
o f  p o in ts  o f  th e  form - 1 / 2  +  i t .  So , a t y p ic a l  boundary p o in t  look s  
l ik e  ( t ^ t 2- l A )  + i  l / 2 ( t ^ + t 2 ) .  Not a l l  th e s e  p o in ts  are  boundary p o in ts  
o f  th e  s e t  p ro d u ct, b u t th e  boundary m ust come from a p rod u ct o f t h i s
s o r t .  The prim ary a rea  o f  i n t e r e s t  i s  how c lo s e  th e boundary o f  th e  s e t
power comes to  th e p o s i t i v e  r e a l  a c t i v i t y  a x i s .  I f  x = t ^ t  -  1/ k,  fo r
2a g iv e n  x th e o b je c t  i s  to  m in im ize y . I t  i s  apparent th a t  
f  = y 2 -  1/k  [ ( x + l A ) / t 1 + t 1 ] J
So, t^  -  t g .  I t  i s  e a sy  to  show th a t  t h i s  i s  a minimum fo r  x >  - 1 / k  by
n o t in g  th a t  th e  second d e r iv a t iv e  i s  p o s i t i v e  a t  H ence, th e  s e t
2
product i s  bounded by th e  p arab o la  t  - 1 / k  +  i t  and R i s  ex c lu d ed  from  
th e p o s i t iv e  r e a l  a x i s .  C le a r ly ,  S = 0  rJR.̂  = rJR so  th e r e  are  no z er o s  
in  Z fo r  any p o s i t i v e  r e a l  z ,  h en ce , no phase t r a n s i t i o n .  I t  m ight be 
n oted  th a t  M cou ld  have been ch osen  to  be th e  h a lf - p la n e  exclu d ed  from  
zero  by any s t r a ig h t  l i n e  g o in g  through x = - 1 / 2 .  Then an a lagou s argu­
ments show th a t  Z can n ot have any z e r o s  on th e l i n e  p e r p en d icu la r  to  
t h i s  l i n e .  T h is argument i s  v a l id  fo r  any such l i n e  th a t  does n o t  go 
through th e  o r ig in :  t h e r e f o r e ,  t h i s  im p lie s  th a t  any zer o s  o f  Z must be 
on th e  n e g a t iv e  r e a l  a x is  as fo r  the u n r e s t r ic t e d  model ( l ) .
C. Dimer Model w ith  A ngular F o r c e s . In t h i s  ca se  th e r e  are s e v e r a l  
more in t e r a c t io n s  to  c o n s id e r .  However, fo r  h igh  tem p eratu res th e  a and 
b in t e r a c t io n s  become i n e f f e c t i v e .  I f  a p a r t ic u la r  s i t e  in  th e  a u x i l i ­
ary l a t t i c e  i s  p ick ed  ou t ( c a l l  i t  i = l ) ,  then  i t s  in t e r a c t io n s  can a l l  
be covered  by 10 tw o -p o in t  l a t t i c e s  and t h e ir  in t e r a c t io n s .  There are  
fo u r  tw o -p o in t  l a t t i c e s  w ith  a in t e r a c t io n s  (o' = 1 ,1 0 , fo u r  tw o -p o in t  
l a t t i c e s  w ith  b in t e r a c t io n s  (a  = 5 )8 ) ,  and two tw o -p o in t  l a t t i c e s  w ith  
forb id d en  in t e r a c t io n s  (a  = 9 ,1 0 ) .  The p a r t io n  fu n c t io n s  fo r  th e s e  
c o v e r in g  l a t t i c e s  can be im m ed ia te ly  w r it t e n  down (u s in g  Zg as a dummy 
v a r i a b l e ):
12
V W 5̂  = 1+zi +z2+ zi Z2ex p ^"Pa ^
Z5~Z6~Zj s‘ZQ = 1+zl +z2+ z l z2ex p ^ pb^
V Z10 “ 1+Z1+Z2*
From R u e lle  ( 5 ) i t  i s  known th a t
M( l , 2 , 3 , 4 ) , i  = ^z l l z+ 1 l^  ex P(Pa ) [ l “e x p ( p a ) ] 1 /2 } ,a < 0 .
M( l , 2 , 3 , l j . ) , i  = t z | | z+ exp (p a) J< e x p ( p a ) [ l - e x p ( - p a ) ] 1 /2 ] ,  a>0 .
I t  would be d e s ir a b le  to  f in d  a c i r c l e  c e n te r e d  on z = - l  w hich  w ould In ­
c lu d e  M( i  2  3 ij.) i  ^or a>®» T h is can be done as fo l lo w s :
L et p = lo g x /a ,  l< x < ^ /3 .
Then th e  s m a lle s t  p o in t  on th e  n e g a t iv e  r e a l  z a x is  in t e r s e c t e d  by
M( l  2  3 h)  i  “x ( • The q u e s t io n  i s  w hether or  n o t  th e r e
e x i s t s  an a ' such th a t  th e  r a d iu s  o f  a c i r c l e  around - 1  in c lu d e s  t h i s
p o in t  from o r
[ l - e x p ( p a ' ) ]  = x ( l + V l - l / x ) - l .
T h is  can  be so lv e d  to  y i e ld
a ' = a l o g f l - f x ( l + J l - l / x ) - ! ! 2 ] 
lo g  x
So, R u e l le 's  M i s  in c lu d ed  in  th e  r e g io n  
M = {z  | | z + l |< (  l-e"*^la I )-& },  
where a ' i s  g iv e n  above fo r  a>0 and e q u a ls  a fo r  a < 0 . S im ila r  rem arks 
can be made about th e  b i n t e r a c t io n s .  From th e  p r e v io u s  d is c u s s io n ,  i t  
i s  known th a t  s u f f i c i e n t  r e g io n s  fo r  th e  fo r b id d e n  in t e r a c t io n s  are  
M( 9  £ = { z |R e z < - l / 2 } .  For th e  moment, th e  s e t  p rod u ct o f
through w i l l  be ta k e n . P o in ts  in  t h i s  s e t  p rod u ct a re  o f  th e  form:
TT = (-l+§1)(-l+52)(-l+ |^)(-l+5^)(-l+5^)(-l+ |g)(-l+ |^)(-l+gg),
where |§ 1 I<A, i = 5 ,8 .
T h is  p rod u ct can  be expanded in  term s l in e a r  in
tt » l +  5 1 [l+l/2 (§2 +...+ 58 )+l/3 (|2 ?3 +...+§T §8 ) + l A ( § 2 §3 5lf+...+ 
g s Sggt S 5+ --.  .+ ? 5 S6 5t 58 ) + 1 /6 (  52 53 l,,.5 5 ! 6 + . .  . - t ^ I j S g  
?7?8)+l/7( ̂ 1̂ 1^ + . .  .-t€J^ 5 5?65TS8 )+l/8( SgS^SjC gS^g)]
where + . . .  s ta n d s  fo r  s im i la r  t e r n s  l in e a r  in  ( i ^ l )  d e s ig n e d  to  make 
th e  prod u ct sym m etrica l*  The a b s o lu te  v a lu e  o f  rr-1 i s  d en oted  by Q. 
S in ce  A<1, and B<1,
^  * +Hi)+Hi)+u t i +m \ +m v H i y u v
! t [ | S 1 l + |5 2 l + U 5 l + |5 ! t l + | l 5 ! + |5 6 | + | l 7 l + | l 8 | ] .
So, Q <  ( 2 5 5 /2 ) (A+B) f o r  sm a ll enough g .  From th e  l a s t  s e c t io n  i t  i s  
known th a t  th e  s e t  p rod u ct must be tak en  o f  L*tt, w hich  g iv e s  th e  d e s i r ­
ed r e g io n  R^. E lem en ts o f  rr can  be r e p r e se n te d  by p o in t s  o f  th e  form: 
l + s ,  |§|<Q » ? = x + iy .
From th e  Lemma proved  in  Paragraph A o f  t h i s  s e c t io n ,  i t  i s  known th a t  
th e  boundary o f  t h i s  s e t  p ro d u ct m ust come from  boundary p o in t s  o f  th e  
s e t s  in v o lv e d  in  th e  p r o d u c t , o r  p o in t s  o f  th e  form:
[t2-lA-it][(l+x)+iy]=[(t2-lA)( l+x)+ty]+i[-t( l+x)+y( t2-lA) ].
The s p e c i f i c  problem  i s  t o  d eterm in e w here p o in t s  o f  t h i s  form  can  be 
on th e  r e a l  p o s i t i v e  a x i s .  So, assume th a t  
- t (  l+ x )+ y ( t 2- l A ) = 0 ,  or  
t= ( l+ x ) ± / (  l + x ) ^ ^  ^
( i f  y= 0 , th e  p o in t s  a l l  f a l l  on a p a ra b o la  w hich  n e v e r  to u ch es  th e  
p o s i t i v e  r e a l  a x i s . )  The p o s i t i v e  r e a l  in t e r c e p t ,  Z^^., can th en  be 
w r it te n :
Zin t  = \ ( l+ x ) 2  t  2 ( 1 + x V ( 1+x )'A+y'A + ( 1+ x)24y2 -  l A j  ( l+ x )
b y 2
+ ( l+ x  )-bJ ( 1+x ) ̂ +y 2
2
The s o lu t io n  w ith  th e  n e g a t iv e  s ig n  i s  n e g a t iv e ,  so  th e  p o s i t i v e  s ig n  
ca se  i s  th e o n ly  one th a t  need be c o n s id e r e d . Hence,
Zin t  = e x p (PM«in t ) <  [ ( 1 - Q ) 2 /Q2 +  3 A ] ( l - Q ) ,  and 
M-int ^  U / p H o g t U - Q j ^ l - Q ^ / Q ^ A ] ] ,  where  
Q = ( 2 5 5 / 2 ) [ ( l - e “P i a ' l ' )+ ( i - e - P | b , | ) ]  <  i .
As 0-»O, Q-»0, and The r e s t r i c t i o n  Q<1 p u ts a l i m i t  on how
la r g e  @ can be as A*1 exam ple o f  th e  YLR a n a ly t ic  r e g io n  w ith
a = l*b <  0 i s  shown in  F ig u r e  H. T h is  graph i s  q u a l i t a t i v e l y  s im ila r  
fo r  any v a lu e  o f  a and b . The (3 l i m i t  can be c a lc u la te d  e x p l i c i t l y  fo r  
a o r  b eq u a l to  z e r o .  Assume b=0. Then 
( 255 / 2 ) ( l - e " P l a ' I ) 1 / 2  <  1 , or
.  *5
3 < 6x10 / | a | ,  a f t e r  th e  a p p r o p r ia te  a lg e b r a .
The c o n c lu s io n s  th a t  can be drawn from th e  e n t ir e  a n a ly s is  i s  th a t  
th e r e  i s  an a n a ly t ic  r e g io n  in  th e  (3-p, p la n e  fo r  a l l  p, fo r  sm a ll 
enough p . I t  i s  n o t  to  be co n stru ed  from t h is  p r e s e n ta t io n  t h a t  the  
b e s t  c h o ic e s  o f  M's and th e  m ost c l e v e r  m a n ip u la tio n  o f  th e  s e t  pro­
d u c ts  were made.
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I I I .  UNIQUENESS REGION IN THE p-^  HALF-PLANE BY DOBRUSHIN'S THEOREM.
A. D o b ru sh in 's  U niqueness Theorem. D o b ru sh in 's  n o t a t io n  w i l l  be f o l ­
lowed as c l o s e l y  as p o s s ib le  ( ? ) •  A c o n f ig u r a t io n  on th e  a u x i l ia r y  
l a t t i c e  i s  a fu n c t io n  x from the l a t t i c e  to  th e  d i s c r e t e  sp ace { 0 ,1 } .
So , x ( t ) = l  i f  th e s i t e  t  i s  o c c u p ie d , and x ( t ) = 0  i f  th e  s i t e  i s  em pty.
A d i f f e r e n t  c o n f ig u r a t io n  i s  d e sc r ib e d  by a d i f f e r e n t  fu n c t io n  x ( t ) .
The s in g le  v a r ia b le  x w ith  no argument i s  id e n t i c a l  to  x ( 0 )  w hich i s  th e  
c h a r a c t e r i s t i c  fu n c t io n  fo r  th e s i t e  s p e c i f i e d  as th e o r i g in .  The n o­
t a t io n  q ( x |x ( t ) )  s ta n d s  fo r  the c o n d it io n a l  p r o b a b i l i t y  th a t  th e  o r ig in  
has the v a lu e  x .  In o th e r  w ords, fo r  G ib b sian  d is t r ib u t io n s
q( x | x ( t ))  = e x p [ - p u ( x ; x ( t ) ) ]  ,
E e x p [ - p U ( x ; x ( t ) ) ]  
x = 0 ,1
where U (x ;x ( t ) )  i s  given by
GO
U ( x ; x ( t ) )  = —|j,x + 1 /2  E xx U (t  ) ,
i = l  1
where U ( t )  i s  th e  p o t e n t ia l  in t e r a c t io n .  The D obrushin  U niqueness
Theorem can be s ta te d  as
A <  1 /2  £  (su p ) £  | q ( x | x ( t ) ) - q ( x | x ( t ) ) |  <  1,
sĵ O x = 0 ,1
where (su p ) means th e supremum taken  over a l l  p a ir s  o f  c h a r a c t e r i s t i c  s
fu n c t io n s  x ( t )  and x ( t )  w hich agree  everyw here e x c e p t  p o s s ib ly  a t  t = s .
B. A p p lic a t io n  to  R e s tr ic te d  Dimer Problem . The summation o v er  s in  A
i s  l im ite d  to  te n  s i t e s  s in c e  U ( t )  i s  z ero  e ls e w h e r e . A la b e le d  p o r t io n
o f  th e  a u x i l ia r y  l a t t i c e  i s  shown in  F ig u re  5- D e fin e
A = 1/2  £ | q ( x |x ( t ) ) - q ( x |x ) ) |
S x = 0 ,1
= | { l+exp[pp,-E U ( t ) x ( t ) ] } -1 - {l-texp[P|j,-E U ( t ) x ( t ) ] }  1 | .  
t#> t / 0
C onsider 3=1 ( 2 , 3 , 4 ) .  C le a r ly ,  A v a n ish e s  i f  x ( s ) = x ( s ) ,  o r  i f  x ( 9 )  o rs
x ( 1 0 ) = l .  O th erw ise ,
4  = Cz | B— 1 1
( 1+Cz ) ( 1+CzB )
where A = e" ap , B = e"bp , C = z = e 0^ . I t  i s  assumed
th a t  x ( s )= 0  and x ( s ) = l .  S im i la r ly ,  fo r  s=5 ( 6 , 7 , 8 ) ,
£  = Cz\k~l \ .
( l+ C z) ( 1+CzA)
For s= 9 , ^ v a n ish e s  u n le s s  x (9 )? ^ x (9 )= l, p rovid ed  x ( l0 ) = 0 .  So,
Ag = C z /( l+ C z ) .
A s im ila r  answer i s  o b ta in ed  fo r  s= 1 0 . The o b j e c t iv e  i s  to  d eterm in e
the supremum A • T h is w i l l  be done by m axim izing A through v a r ia t io n s  s s
C Cin  C. What i s  wanted i s  A 1 <  A 2 . T h is  i s  tr u e  fo r  s=9 i fs — s ^
_ ! i ! - •
1+CjZ 1+C^Z
So, th e  supremum C must be fou n d . There are fo u r  c a s e s :
1 . a<0, b<0, sup C = A4B4 , so  Ag = zA4B4 / ( 1+zA4B4 )
2 . a>0, b>0, sup C = 1 , so  Ag = z / ( l + z )
3 .  a>0, b<0, sup C = B4 , so  A = B4 z / ( l+ B 4 z )' s
4 .  a<0, b>0, sup C = A4 , so  Ag = A4 z / ( l4 A 4 z ) .
S in c e  2 zC /(l+ zC ) must be l e s s  than  1 , i t  i s  im m ed ia te ly  e s t a b l is h e d
th a t  (i < 0 .  For th e fo u r  c a s e s :
1 . (j, <  4a-t4b
2. p, < 0
3 .  n, < 4b
4 .  (j, < 4a
A s im ila r  s e t  o f  s ta te m e n ts  can be made f o r  s= 1 0 . C on sid er now th e
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c cc a se  s = l  (2 ,3 ,^ - ) :  i  1 <  i  2  im p lie s  th a tS ” s
<  Cg z |B - l |
( 1 +C jZ ) ( 1+CzB) (1 + C 2 z ) ( 1 + C 2 zB)
2.w hich im p lie s  th a t  C^-Cg <  Bz C^Cg . There are  two p o s s i b i l i t i e s :
( l )  > Cg , w hich  im p lie s  th a t  1 <  Bz S o , sup Ag comes from
th e  minimum C, w hich  i s  fo r  th e  fo u r  c a s e s :
1. l
2 . b  3 A B
A3 . A
b . B3 .
I t  can be ob served  a t  t h i s  p o in t  th a t  in  each of the four c a se s  th a t  th e
in e q u a l i t y  in  ( l )  can n ot be s a t i s f i e d :
, 2 20(Ua-fh-b) - 8 - 8  __ „ A8_8 „ 2 _  _ ,1 . z <e =A B , BCjC^A B , or Bz C^Cg< l .
2 .  z 2< l ,  BC^Cg< l ,  o r  Bz2C^Cg< l .
3 .  z2< e 2p ^ b ^=B"8 , BC^C^B8 , o r  B z ^ C g d .  
b .  z2< e 2p ^ a ^=A“8 , BC^C^A8 , o r  Bz2C1C g<l.
So, th e  o th e r  p o s s i b i l i t y  m ust be c o n s id e r e d .
2
( 2 )  CjCCg, w hich  im p lie s  th a t  1 >  Bz so  sup Ag com es from th e







For th e  fo u r  c a s e s  A can be w r it t e n  downs
1 . sup A = zA^B5 (B - l) / (H A ^ B 3 z ) (H A 1|'B1)'z )  S
2 . sup A = z ( l - B ) / ( l + z ) ( l + B z )  s
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3 . sup A = zB^( B -1 ) / ( 1+B^z) ( 1+B^z)s
k .  sup As = zA^( 1 - B ) / ( 1+A^z)( 1+A^Bz).
In c o m p le te ly  an a lagou s manner, fo r  s=5 ( 6 , 7 , 8 ) :
1 . sup A = zA^B^(A-1 ) / ( 1+A^B^z) ( 1+A^B^z )s
2 . sup As = z ( l - A ) / ( 1 + z ) ( 1+Az)
3 .  sup A. = zB^( 1-A ) / ( 1+B^z) ( 1+B^Az)s
b .  sup Ag = z A ^ (A -l) /(1 + A ^ z )(1 + A ^ z).
I t  i s  now p o s s ib le  to  w r ite  down th e  D obrushin  u n iq u en ess  c r i t e r io n  fo r
th e fo u r  c a s e s :
UzA ^B^(B-l) +  4 zA^B1|(A -1 ) +  2 zA^b|1' <  1
( 1+A^B z ) ( 1+A^B^z ) ( 1-fA^B  ̂z ) ( 1+A z ) l+zA^B^
bz (  1 -B ) + bz (  1-A ) +  2z_  <  1
( 1 + z) ( 1+zB ) ( l+ z ) ( H A z )  1+z
^ zB ^ (B -l)  +  lj-zB^d-A ) +  2B^z <  1
(l+ B 5 z ) ( l+ B  z ) ( l+ B ^ z) ( l+B^Az) l+B^z
^zA^Cl-B) +  bz A^( A- l )  +  2A^z < 1 .
( 1+A^z) ( 1+A B z) (l+A 5 z )( l+ A ^ z )  1+ ? z"~
T y p ic a l r e g io n s  o f  u n iq u en ess  are  shown in  F ig u r es  10, 11, and 12.
C. High and Low (3 L im its  o f  the U niqueness R egion fo r  th e R e s tr ic te d
Dimer M odel. I t  i s  r e l a t i v e l y  e a sy  to  s e e  th a t  th e  l a s t  e x p r e s s io n s
d e r iv e d  in  Paragraph B o f  t h i s  S e c t io n  are dom inated by
1. IOzA ^ / U + zaV * ')
2 . 1 0 z / ( 1 + z)
3 .  10zB ^ /( 1+B^z) 
b .  IOzA^Y ( 1+A^z) .
I f  th e s e  e x p r e s s io n s  are  made t o  be l e s s  than 1, th e  o r i g in a l  e x p r e s ­
s io n s  c e r t a in ly  w i l l  b e . A l l  o f  t h i s  im p lie s
1 . (j, <  - lo g 9  /p  +l(-a-rt-b
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2 .  (x <  - l o g 9  / p
3 . n <  - lo g 9  /p  +  It-b
b .  p, <  - lo g 9  /p  +  ka.
C le a r ly ,  th e se  are a l s o  th e  h ig h  p l i m i t s  on the u n iq u en ess  r e g io n
boundary.
A f i r s t  ord er exp a n sio n  in  p g iv e s  the fo l lo w in g  low g l i m i t s  on jx 
fo r  u n iq u en ess:
1 . |x < 6a + 6b
2 . (jj <  -2 (a + b )
3* p. <  6a -  2b
b . (j, < -2 a  +  6 b .
T h is s u g g e s ts  th a t  th e r e  may be a low er bound on th e  boundary o f  th e
u n iq u en ess  c o n d it io n .  T h is tu rn s out to  be th e  c a s e .
-6 -6
1. Assume: |x<6(a+b), or  z<A B , A>1, B>1. Then,
= A*V[B(1-*A^B5 z )24 U (B -1 )(1 -A 8 B7 z2 ) ]
92 ( H a V * z )2 (1-»aV z ) 2
A5B^[A(1+A5B^z )2 -* (A -1 ) (1 -A TB8 z2 ) ]  >  Q
( 1-f-A^B^z)2 (1-fA^B^z)2 
For maximum z ,  A <  ^ /( l+ A  2B~^) -  U /(l+ A  2B 2 ) +  b/(l -hA ^B 2 ) -
b / (  1+A~2b""2 ) = A,,,*
Then = 12A"5B"2 (A"1- l ) ( 1 - A " 5b “^ )
( h a - 2b- 5 ) 2 ( h a - V 2 )2
dAm = 12B“5A_ 2 (B"1- l ) ( l - A " l,'B"5 ) <  Q
( i +a"3 b”2 )2 ( i +a"2b“2 )2
from w hich  i t  i s  con clud ed  th a t  fo r  p, <  6 (a + b ) th e  G ib b sian  d i s t r i ­
b u tio n  i s  u n iq u e , s in c e  i s  a maximum fo r  A=B=1 w here Am = 1, 
so  A <  1 .
o p
2 . Assume: p, <  -2 ( a + b ) ,  o r  z <  A B , A <  1, B <  1 .
—  = (1+ B 2)24 4 (1 -B )(1 -B z 2 ) +  (H A z )2+ h ( l-A H l-A z 2 ) >  0 .
92 ( 1+Bz )2 (1+ z )2 ( 1+Az)2 (1 + z  )2
For maximum z ,  a <  h /( l+ A 2B3 ) - h / ( 1+A2B2 ) +  ^ /  ( 1+A3B2 )
- 4 / ( l+ A 2B2 ) +  2A2B2 / ( H A 2B2 ) =
Then ^ m  = 8AB2 (1 - B ) ( 1 - a\ 3 ) +  12AB2 (1 -A )( 1 -a V ~  ) >  O,
9A ( i +a2 b2 )2 ( i +a2 b3 )2 ( i +a2 b2 )2 ( i +a3 b2 ) 2
and 5^2 = 8A2B (1 -A )(1 -A 5B^) +  12A2B (1 - b ) ( 1 - a\ 3 ) >  0 .
95 (1+A2B2 )2 (14A3 B2 )2 ( i +a2 b2 )2 ( i + a2 b3 ) 2
from w hich i t  i s  con clud ed  th a t  fo r  p, <  -2 (a + b )  th e  G ibb sian  d i s ­
t r ib u t io n  i s  u n iq u e , s in c e  ^  i s  a maximum f o r  A=B=1, w here A ^ =l. 
So, A <  ! •
-6  23 .  Assume: (j, <  6 b -2 a , z < B  A , A <  1, B >  1 .
111611 = B3 [B (l+ B 3 z ) 2- * ( B - l ) ( l - B Tz 2 ) ]
( 1+B3 z ) 2 (14B^ z ) 2 
+B^ [  ( 1+AB^z )2+h ( 1-A ) (1 -  z2AB  ̂) 3 >  0 
( 1+B^z )2 ( HAB^ z )2 
For maximum z ,  A <  ^ /( l+ B  3A2 ) -  h /( l+ A 2B 2 ) +h-/(l-)A3 B 2 )
-  ^ /(1+ A 2B- 2 ) +  2A2B"2 /(1 4 A 2 b“ 2 ) -  A^ •
Then SA^ _ 8AB~2 ( 1-B ~1 )( 1-A^B~3 ) +  12AB~2 ( 1-A ) ( I-A^b "^) > 0 ,
^  ( i +b“3a2 )2 ( i +a2 b“2 )2 ( i +a3 b"2 ) 2 ( i +a2 b' 2 )2
and 9A_ = 12A2B~3 ( B~* - 1 ) (  1-A^b" 3 ) +  8A2B~2 ( A - l ) (  1 -a V ^ )  < 0 ,
W  ( i+ b ”3a 2 ) 2 ( i+ a 2b“2 )2 ( i+ a 3 b"2 )2 ( i+ a 2b “2 ) 2
from w hich  i t  i s  con clu d ed  th a t  fo r  p, <  6 b -2 a  the G ibb sian  d i s t r i ­
b u t io n  i s  u n iq u e , s in c e  A i s  a maximum fo r  A=B=1 w here A = 1 ,m m
so  A < 1 .
k .  For (j, <  6 a -2 b , A>1, B<1, A<1, by symmetry w ith  Case 3-
IV. NON-UNIQUENESS REGION IN p-jj, HALF-PLANE.
A. The G eneral Contour. M ethod. R ep resen t a v e r t i c a l  d im er's  r e fe r e n c e  
s i t e  by a +  and a h o r iz o n ta l  d im er 's  r e fe r e n c e  s i t e  by a o .  U noccupied  
r e fe r e n c e  s i t e s  are  r e p re se n ted  by d o t s ,  and th e  o th e r  square l a t t i c e  
s i t e s  are d e le te d  to  avo id  c l u t t e r .  The n em atic  and sm e c tic  boundary  
c o n d it io n s  are i l l u s t r a t e d  in  F ig u r es  6  and 7* The in t e r i o r  reg io n  
w i l l  be denoted  V. C ontours are d e f in e d  fo r  a p a r t ic u la r  c o n f ig u r a t io n  
in  V by adding m o le c u le s  from th e  'o u t s id e  in '  from th e d is t a n t  boun­
d ary . The added d im ers must conform  to  th e  c lo se -p a c k e d  s tr u c tu r e  a s s o ­
c ia te d  w ith  th e  boundary, and each  added dim er must be a d ja c e n t to  a t  
l e a s t  one o th e r  o f  a ch a in  o f  th e s e  ordered  dim ers e x te n d in g  to  the  
boundary o f  V. The d im ers are  added u n t i l  no more dim ers can be added 
w ith o u t in t e r f e r in g  w ith  a dim er in  V. These added d im ers d e f in e  th e  
o u te r  co n to u rs (b o u n d a r ie s )  o f  th e  d iso r d e r e d  phase and are removed 
a f t e r  th e  co n to u rs  have been drawn. Examples a re  g iv e n  in  F ig u r es  6  
and 7- Every con to u r  d e f in e d  in  t h i s  way i s  an 'o u te r  c o n to u r .'  Inner  
co n tou rs are n o t d e f in e d  or needed fo r  t h i s  problem . N ote th a t  fo r  any 
c o n f ig u r a t io n  in  V no two o u te r  co n to u rs  in t e r s e c t :  in  f a c t ,  th e r e  must
be room to  p la c e  c lo se -p a c k e d  ordered  n em atic  ( s m e c t ic )  dim ers betw een  
any two o u te r  c o n to u r s . L et G be a p a r t ic u la r  o u te r  con tou r and | g | be 
th e  le n g th  o f  th e  co n to u r  in  l a t t i c e  param eter u n i t s .  The en ergy  o f  a 
p a r t ic u la r  c o n f ig u r a t io n  or in  V i s
U(cv) = Uj +  UIX +  Um  , where
Uj. = s e l f  en erg y  o f  d im ers in s id e  G and in t e r a c t io n s  w ith  each  
o th er
Uj j  = s e l f  en ergy  o f  d im ers o u t s id e  G and in t e r a c t io n s  w ith  each
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Ujj j . = in t e r a c t io n  on d im ers in s id e  G w ith  th o se  o u ts id e  G.
The s e l f  en ergy  o f  a dim er i s  th e n e g a t iv e  o f  th e  ch em ica l p o t e n t ia l .
The p r o b a b i l i t y  o f  th e  co n to u r  G, P (g) ,  i s  g iv e n  by (1 0 )
P(G) = 2  ex p (-p u (o -))  /  E exp(-|3U ((y)) ,
nCP 311 cv
in  V
where O' ĵG s ta n d s  fo r  th o se  c o n f ig u r a t io n s  in s id e  V w hich c o n ta in  G.
An upper bound w i l l  be d er iv ed  fo r  P (g) th a t  w i l l  depend o n ly  on |G |,  by 
th e standard  tech n iq u e  o f  u n d e r e s tim a tin g  th e denom inator in  th e  equa­
t io n  fo r  P (G ). C onsider a c o n f ig u r a t io n  tra n sfo rm a tio n  T th a t  o p e r a te s  
on any c o n f ig u r a t io n  or, d e f in e d  as fo llo w s :
a ) I n s id e  G a h o r iz o n t a l  dim er a t  ( x ,y )  becomes a v e r t i c a l  dim er a t
(x,y)•
b) I n s id e  G a v e r t i c a l  dim er a t  ( x ,y )  becomes a h o r iz o n ta l  dim er a t  
( x - l , y + l ) .
c )  A fte r  a )  and b) f i l l  in ,  where p o s s ib l e ,  dim ers one la y e r  in s id e
and o u ts id e  o f  G. The added d im ers must fo llo w  th e  same r u le s  as
im agined to  be added to  d e f in e  th e co n to u r  i n i t i a l l y .  F ig u r es  8
and 9 g iv e  exam ples o f  th e  f u l l  T tr a n s fo r m a tio n .
S tep  c )  means th a t  T i s  n o t a o n e -to -o n e  tra n sfo rm a tio n ; how ever, the
I G|d egen eracy  o f  th e  tr a n sfo r m a tio n  i s  c e r t a in ly  l e s s  than M T his i s
b ecau se  th e r e  are o n ly  fou r  com b in ation s o f  dimer c o n f ig u r a t io n s  fo r  
each  p ie c e  o f  con tou r  (o u ts id e  con tou r p ie c e  occu p ied  or u n occu p ied ; 
in s id e  con tou r  p ie c e  occu p ied  or u n o c c u p ie d .)  D e fin e  Gq as th e
le n g th  o f  th a t  p o r t io n  o f  G w hich has an a (b ) in t e r a c t io n  a c r o s s  i t
a f t e r  T. These d e f i n i t i o n s  are u n iq u e .
B. N eg a tiv e  P a ir  I n t e r a c t io n s .  N ote th a t  T p r e se r v e s  th e in t e r a c t io n s
o f  th e dim ers in  <y in s id e  G w ith  each  o th e r .  I t  a l s o  p r e se r v e s  th e in -
t e r a c t io n s  o f  th e  d im ers in  a  o u ts id e  G w ith  each  o t h e r .  In a d d it io n  
T may in tro d u ce  n e g a t iv e  term s to  by th e  in t e r a c t io n  o f  any mol­
e c u le s  added in s id e  G by T w ith  th o se  d im ers in s id e  G w hich were r o -  
by T . T may in tr o d u c e  a n e g a t iv e  c o n tr ib u t io n  to  by th e  in t e r ­
a c t io n s  o f  any m o le c u le s  added j u s t  o u ts id e  G w ith  th e  o th e r  m o lec u le s  
o u ts id e  G. I f  th e  ch em ica l p o t e n t ia l  i s  p o s i t i v e  ( n e g a t iv e ) ,  T in t r o ­
d uces a n e g a t iv e  ( p o s i t i v e )  c o n tr ib u t io n  to  Uj and D j j .  The c r u c ia l  
p o in t  in  th e  p ro o f i s  th e  a n a ly s i s  o f  th e  change in  a f t e r  T . T
was d es ig n ed  t o  o b ta in  th e  c lo se -p a c k e d  in t e r a c t io n  a c r o s s  th e  con tou r  
G. So, a f t e r  T one h as an 'a '  in t e r a c t io n  a c r o s s  a G co n to u r  p ie c e
Sl
and a 'b ' in t e r a c t io n  a c r o s s  a G  ̂ p i e c e .
E xam ination  o f  th e  c o n f ig u r a t io n  a  b e fo r e  T r e v e a ls  th a t  th e  con tou r  
en ergy  cannot have any o f  th e  c lo se -p a c k e d  in t e r a c t io n s  (b y  d e f i n i t i o n  
o f  th e  c o n to u r .)  In th e  n em a tic  c a s e ,  th e r e  can n ot be any 'a '  in t e r ­
a c t io n s .  (T here are  no h o r iz o n t a l  d im ers j u s t  o u ts id e  G .) However, 
i t  i s  p o s s ib le  t o  have a 'b* in t e r a c t io n  a c r o s s  p r a c t i c a l ly  e v e r y  
p ie c e  o f  co n to u r  le n g th  ( |G | - 2  to  e x a c t . )  In  th e  sm e c t ic  c a se  b e fo r e  
T th e r e  can be no 'b ' in t e r a c t io n s  a c r o s s  th e  boundary s in c e  th e r e  
cannot be a r e fe r e n c e  s i t e  in  th e  r ig h t  p la c e .  However, i t  i s  p o s s ib le  
to  have an 'a ' in t e r a c t io n  a c r o s s  a G  ̂ co n to u r  p i e c e .  I t  can be shown 
th a t  fo r  each  such 'a '  in t e r a c t io n  a c r o s s  a G, co n to u r  p ie c e  th e r e  i sD
an im m ed iate ly  a d ja c e n t  G  ̂ co n to u r  p ie c e  a c r o s s  w hich  i t  i s  im p o ss ib le  
to  have any in t e r a c t io n .  I t  can  be ob served  th a t  i t  i s  im p o ss ib le  in  
th e n em a tic  ( s m e c t ic )  c a s e  to  tr a v e r s e  two co n n ected  G, (G ) s t e p s
D Si
c o n s e c u t iv e ly .  H ence,
G  ̂ >  |G | / 2 ,  n em a tic  c a s e .
G  ̂ >  | g | / 2 ,  s m e c t ic  c a s e .
2k
The fo l lo w in g  r e l a t io n s  can be w r i t t e n  down. N ote th a t  i n  th e  sm e c tic
eq u a tio n  th e  f a c t  th a t  b - ( l / 2 )a  i s  n e g a t iv e  i s  u se d , and T i s  th e  con­
ey
f ig u r a t io n  a  tran sform ed  by T .
Uj(Ta ) <  UjCcy), n >  0 .
UjCT^) <  U j(cy ) -^ |G j , p, < 0 .
uIX(Ta ) -  UI I ( o ) > H i 0 '
“ i / V  s  V a ) -  l*lGl» ^ <  °*
Ut t t (T ) = G a ,  n em a tic  c a s e .I l l  cy a
Ut t t (T ) = G,b4G a , s m e c t ic  c a s e ,  i n  cy D a
U m (c y ) >  |G |b , n em a tic  c a s e .
UjnCey) >  ( l /2 )G ^ a , sm e c t ic  c a s e .
I t  can  th en  be con clu d ed  th a t  th e  tr a n s fo r m a tio n  produced the f o l ­
low ing  ch an ges:
U(T^)-U(cy) <  |G | ( ( l / 2 ) a - b ) ,  n em atic  c a s e ,  p, >  0 .
U(T^)-U(cy) <  |G | ( ( l / 2 ) a - b - 2 p , ) ,  n em a tic  c a s e ,  p, <  0 .
U(T )-U (,v) <  ( l / 2 ) | G | ( b - ( l / 2 ) a ) ,  sm e c t ic  c a s e ,  p, >  0 .
U(T^)-U(cy) <  ( 1 /2 )  |G | (b - (  l /2 )a - ifp ,) ,  sm e c t ic  c a s e ,  p, <  0 .
I f  o n ly  th o se  c o n f ig u r a t io n s  d e r iv e d  from T are  used  in  th e  sum in  
th e donom inator o f  th e  e x p r e s s io n  fo r  P (G ), th e  p r o b a b i l i t y  o f  G 
o c c u r in g  can be e s t im a te d :
p (g ) <  i J Gl exp (g  |G| ( ( l / 2 ) a - b ) ) ,  n em a tic  c a s e ,  p, >  0 .  
p (g )  <  i J Gl e x p (0 |G | ( ( l / 2 ) a - b - 2 p , ) ) ,  n em atic  c a s e ,  p, <  0 .
P(G) <  1|.IGI e x p ( ( l / 2 ) p | G | ( b - ( l / 2 ) a ) ) ,  sm e c tic  c a s e ,  p, > 0 .
P(G) <  l J Gl e x p ( ( l / 2 ) p |G |( b - ( l / 2 ) a - l j .p ) ) ,  s m e c t ic  c a s e ,  p, < 0 .
The number d e n s it y  o f  th e  d iso r d e r e d  dim ers ( th o s e  n o t  o r i e n t ­
in g  th em se lv es  a c c o r d in g  t o  th e  boundary c o n d it io n s  to  V) i s  bounded by
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Pd < E  p ( | g | ) k( | g | ) ,
|G |= 0
where k ( | g | )  i s  th e  m o d ified  P e i e r l ' s  upper bound on th e number o f  
co n to u rs  ( c lo s e d )  on th e  square l a t t i c e  o f  le n g th  JG| around any sp e ­
c i f i e d  s i t e  ( 15 , 1k ) .
K (|G |)  = ( 1/ 3 6 ) 3 Ig I | g | ,  
and P (J g |)  i s  th e  upper bound to  th e  p r o b a b i l i t y  o f  a con tou r  o f  le n g th
|G | d e r iv e d  a b o v e . The number d e n s ity  bound can be w r i t t e n  as
00
Pd <  U / 3 6 )  £  |G | exp ( |G | ( lo g  12 + (3X ) ) .
IG | =0
The v a lu e  fo r  X i s  fo r  th e  v a r io u s  c a s e s  i s  
( l / 2 )a  -  b , n e m a tic , (j, >  0 .
( 1 / 2 ) a -  b - 2(j,, n e m a tic , p, <  0 .
( l / 2 ) b - ( l / k ) a ,  s m e c t ic ,  p, >  0 .
( l / 2 )b - (  l / k ) a - 2p,, s m e c t ic ,  p, <  0 .
I f  X i s  n e g a t iv e ,  th e  bound on can  be made a r b i t r a r i l y  sm a ll fo r  
s u f f i c i e n t l y  la r g e  p .  S p e c i f i c a l l y ,  i t  can be made l e s s  th a t  1 /2 .
The same argum ents can be rep ea ted  f o r  a l t e r e d  boundary c o n d it io n s .
For exam ple, in  th e  n em a tic  ca se  change a l l  o f  th e  boundary v e r t i c a l  
n em a tic  d im ers shown in  F ig u re  6  to  c lo se -p a c k e d  n em atic  s tr u c tu r e  h or­
i z o n t a l l y  p a ck ed . W hereas b e fo r e  in  th e  n em a tic  c a se  i t  was shown th a t  
th e  p r o b a b i l i t y  o f  a h o r iz o n t a l ly  a lig n e d  dim er co u ld  be made a r b it r a r ­
i l y  s m a ll ,  now th e  same th in g  can be s a id  ab ou t th e  p r o b a b i l i t y  o f  a 
v e r t i c a l l y  a lig n e d  d im er . In  o th e r  w ord s, th e  a lig n m e n t p r o b a b i l i t y  
depends upon th e  boundary c o n d it io n s ,  assum ing X<0 and th e  tem p eratu re  
s u f f i c i e n t l y  s m a ll ,  o f  c o u r s e .  I t  sh ou ld  a l s o  be n o ted  th a t  t h i s  p ro o f  
i s  in d ep en d en t o f  th e  s i z e  o f  V, so  th a t  what i s  b e in g  dem onstrated  i s  
in d eed  lo n g  range ord er  even  though th e  in t e r a c t io n s  are  sh o r t  r a n g e .
C. P redom inantly  N eg a tiv e  P a ir  I n t e r a c t io n s .  I t  was shown in  th e  p re ­
v io u s  paragraph th a t  lo n g  range ord er  cou ld  e x i s t  fo r  low enough tem per­
a tu re  fo r  a and b n e g a t iv e  w ith  th e  p o s s ib le  e x c e p t io n  o f  a=2b. I t  i s  
n o t  u n rea so n a b le  t o  e x p e c t  th a t  n em a tic  ( s m e c t ic )  boundary c o n d it io n s  
cou ld  show th a t  th e r e  i s  lo n g  range ord er  fo r  p o s i t i v e  b (a )  p rov id ed  
a (b )  i s  s u f f i c i e n t l y  n e g a t iv e .  In d eed , t h i s  p roves to  be th e  c a s e .
The p r in c ip a l  o b s e r v a t io n  th a t  must be made i s  th a t  th e  d im ers added by 
T may add a p o s i t i v e  in t e r a c t io n  term  w hich  can n ot be la r g e r  than  l<-b 
(ij-a) p er  u n it  co n to u r  le n g th  fo r  th e n em a tic  ( s m e c t ic )  c a se  s in c e  t h i s  
i s  a l l  the 'a '  or  1b * in t e r a c t io n s  th a t  a dim er can a c c e p t  r e g a r d le s s  
o f  th e s ig n  o f  a or  b . As b e fo r e ,  a c o n s e r v a t iv e  e s t im a te  can a l s o  be 
made th a t  no more than two d im ers can be added p er u n it  con tou r le n g th  
(one in s id e  and one o u ts id e  G ).
The en ergy  r e la t io n s  can be w r i t t e n  down fo r  th e  n em atic  c a se  (a < 0 , 
b>0 , n em atic  boundary c o n d it io n s ) :
Uj (T^) <  UI (a )+ ^ b |G |, ^>0.
Ux(Ta ) <  U].(a )-r t.b |G |-Ml|G |,  (j,<0.
Un (Ta ) < U ^ U ^ b l G l ,  ^>0.
UI I (V  -  u I3;(<*)-^b | G|> M-<°-
u m ( f f )  >  0 .
UI I I ( V  - « G a < ( l / 2 ) a |G |.
U(T ) -  u(rv) <  ( ( l / 2 ) a + 8 b ) |G | ,  0 .
U(T ) -  U (a) <  ( ( l /2 )a + 8 b -2 p ,) |G | , |x<0.
The same argum ents can be made a s  b e fo r e  in  th e  p r e c e e d in g  paragraph o f  
t h i s  s e c t io n ,  th e  req u irem en t b e in g  th a t  X <  0 ,  where X i s
( l / 2 )a-f8 b , ^>0 .
( l/2 )a 4 8 b -2 ,j ,,  |j,<0 .
The en erg y  r e l a t io n s  can a l s o  be w r i t t e n  down fo r  th e  sm e c t ic  ca se  
(b<0 , a>0 , sm e c t ic  boundary c o n d it io n s ) :
U j(T )-Uj(<y) < ^ a |G | ,  p £0 .
U I ( T a ) - U I ( o r )  <  U | G | - n j G | f  )jl< 0 •
UI I (T0f) - UI I ( a ) <  ^ | C | ,  p^O .
ul l (Ta)“ulI (cif) s H 6h*lGl» tJ'<0,
uHl(o') > 0.
UI I I (Ta ) = bGb+aGa ^  d / 2 ) ( a 4 b ) |6 |  .
U(T ) -U (a )  <  ( l / 2 ) ( b + 1 7 a ) |6 | ,  p X ).
U(T )-U (of) <  ( l /2 ) (b + l7 a -^ n ,) |G | , p,<0.
The same argum ents can be made a s  b e fo r e  a s  in  th e  p rece ed in g  paragraph  
o f  t h i s  s e c t io n ,  th e  req u irem en t b e in g  t h a t  X <  0 ,  w here in  t h i s  ca se  
X i s
( l / 2 ) (b + 17a ) ,  ( i > 0 .
( l / 2 ) ( b + 1 7 a - 4 n ) ,  (j,<0.
D. Summing th e  Number D e n s ity  S e r i e s .  R e c a ll  th a t  th e  number d e n s ity
s e r i e s  was g iv e n  by  
00
Pd < (1/36) ^GJ_q IG1 6Xp ( ( lo s(12)+px)IG |) o
L et Y = e x p ( lo g (1 2 )+ g X ) , X<0: th en  t h i s  s e r i e s  co n v erg e s  i f  p i s  la r g e
en ou gh . So ,
00 i I
p ,  <  ( 1 / 5 6 ) S |G |  y l Gl «  ( 1/ 5 6 ) Y / ( l - Y ) 2 , O cY cl.
|G |= 0
To show lo n g  range ord er  i t  i s  n e c e s s a r y  to  show t h a t  i s  l e s s  than
( 1 / 2 ) .  T h is i s  tr u e  i f
( 1 /3 6 )  Y / ( l - Y ) 2  <  1 /2 .
T h is  r e l a t io n  i s  s a t i s f i e d  i f  Y <  Y ,  whereo
Yq = (3T/36)(l-7f3/37),
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w hich  im p lie s  th a t
0 >  lo g (Y Q/1 2 )  /X  «  - 2 .7 2 /X  
T h is g iv e s  th e  d e s ir e d  low er bound on (3 fo r  n o n -u n iq u en ess  when X <  0 .
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V. PERTURBATION CALCULATION— LOW TEMPERATURE LIMIT.
A. A ssu m p tion s. I t  would be u s e f u l  to  know f o r  what p, th e  random 
phase and th e  ordered  phase c o e x i s t  a t  low tem p era tu res . The f o l lo w ­
in g  assu m p tion s are  made. T h is typ e o f  e q u ilib r iu m  i s  assumed a t  low 
tem p eratu res ( 1 5 ) .
low d e n s ity  gas ^  h ig h  d e n s ity  s o l i d .
The low d e n s ity  phase i s  assumed an id e a l  l a t t i c e  gas w ith  volum e!=B= 
number o f  s i t e s  on th e  r e s t r i c t e d  square l a t t i c e .  The number o f  l a t ­
t i c e  s i t e s  a v a i la b le  to  th e  dim er i s  C=2B=number o f  s i t e s  on th e  aux­
i l i a r y  l a t t i c e .  For th e  low d e n s it y  g a s ,  E=0, and S=k lo g  l ° \  , where(“A
The fr e e  en erg y  i s  
E-TS = -kT l o g ( ^ j  = -kT l o g [ ( 2 B ) : / ( ( 2 B - N j ! ( N j : ) ]
Ng i s  the number o f  d im e r s . 
g g
= 2BkT[pg lo g p g+ ( l - p g ) l o g ( l - p g ) ] ,
u s in g  S t i r l i n g ' s  ap p rox im ation  and N =2Bp , where p i s  th e  gas d e n s i t y .
g g g
The p ressu r e  P i s  g iv e n  by -/?>Al . The ch em ica l p o t e n t ia l  i s  g iv e n
8  |b b I t ,n
by * -'4 '  s• ®0,
BNg l T»B
P = -2kT l o g ( l - p )
o o
|ig = W  lo g (p g / ( l - p g ) ) .
For th e h ig h  d e n s it y  s o l id  phase a t  low tem p era tu re , a lm o st a l l  o f  the  
s i t e s  o f  th e  r e s t r i c t e d  square l a t t i c e  w i l l  be f i l l e d ,  and S=k lo g  I(”)
where N i s  the number o f  d im ers in  B. N ote a l s o  th a t  s
E = 2aB -(B -N g )Ua, fo r  n em atic  c lo se -p a c k e d  s t r u c t u r e .
E ® B (a+ 2b)-(B -N  )(2 a -& b ), fo r  s m e c t ic  c lo se -p a c k e d  s t r u c t u r e ,  s
A (n em a tic ) = 2a(2N g-B )-k T  ^
s
= 2a(2N -B)-HcTB[2p lo g (2 p  ) + ( l - 2 p ) lo g (  1 - 2 P ) ] ,
u s in g  S t i r l i n g ' s  A pproxim ation  and 2Bp ==N .  H ence,
8 S
P -  2a-kT lo g ( l - 2 p  ) .s s
Hs = k a + k ?  l o g [ ( 2 ps ) / ( l~ 2 ps  ) ] .
S im i la r ly ,  f o r  th e  sm e c tic  case  
P = 2 b 4 a -k T lo g (l-2 p  )
o  S
u = 2 ( a + 2 b ) + k T lo g [ ( 2 p ) / ( l - 2 p ) ] .
9  S S
To sum m arize, fo r  th e  low d e n s i t y  gas 
Pg = -2 k T lo g ( l -p g ) .
Ug -  Wlog[pg/ ( l - p g )] .
For th e  h ig h  d e n s i t y  s o l id  phase 
Pg = 2 a -k T lo g ( l”2ps ),
(j, = h a+ k T log[(2p  ) / ( l - 2 p  ) ] ,  n em atic  s t r u c t u r e ,s s  s
Ps = (a + 2 b ) -k T lo g ( l -2 p s ) ,
p, = 2 (a + 2 b )+ k T lo g [(2 p  ) / ( l - 2 p  ) ] ,  sm e c t ic  s t r u c t u r e ,  s s s
B . P e r tu r b a tio n  C a lc u la t io n .  A p e r tu r b a t io n  can be done w hich  i s  
z e r o th  ord er  in  p^ and l - 2 p g . A t e q u ilib r iu m  th e p r e ssu r e s  and chem i­
c a l  p o t e n t ia l s  fo r  each  phase a re  e q u a te d . In th e  n em atic  c a se :
0 = 2 a -k T lo g (1 -2 P )s
kTlogp = ^a+kT log( l - 2 p ) .
8 s
T hese e q u a t io n s  are  e a s i l y  so lv e d  t o  y i e ld
Pg = 1 -2 p s = e x P^2 a / kT)»
P = 2kT exp(2a/kT ) ,
p, = 2a .
S im i la r ly ,  fo r  th e  sm e c tic  case  
P = 2 k T ex p ((a + 2 b )/k T ), 
p, = a+2b .
I t  can be con clud ed  th en  th a t  i f  th e  two p h ases c o e x i s t  a t  low tem per-
a tu r e s  th a t  th e  ch em ica l p o t e n t ia l  fo r  w hich th ey  do so  i s  th e  average  
c lo se -p a c k e d  en ergy  o f  th e s o l id  s t r u c t u r e .
V I. SOME SPECIFIC EXAMPLES.
A. P redom inantly  N e g a tiv e  P a r a l l e l  I n t e r a c t io n s .  Assume th a t  a=4b<0. 
The r e g io n s  o f  u n iq u en ess  and n o n -u n iq u en ess  a s  d e r iv e d  in  S e c t io n s  I I I  
and IV are  in d ic a te d  in  F ig u re  10 . The r e g io n  o f  a n a l y t i c i t y  a s  d e r i ­
ved by th e  YLR Theorem i s  n o t  shown s in c e  th e  maximum @ o f  t h i s  r e g io n  
i s  a fa c t o r  o f  about 1 0  ̂ l e s s  than  th a t  o f  th e  minimum |3 d e r iv e d  fo r  
the n on -u n iq u en ess  r e g io n . N e v e r th e le s s ,  i t  i s  im p ortan t to  remember 
th a t  th e  a n a ly t ic  r e g io n  (presum ably r e p r e se n t in g  th e  random p h a se )  
e x te n d s  a l l  th e  way to  H ence, th e  dashed l i n e  in  F ig u re  10
w hich s ta n d s  fo r  th e  presumed phase c o e x is t e n c e  in t e r f a c e  g o es  to  +®. 
For n e g a t iv e  (j,, th e r e  e x i s t s  r e g io n s  o f  u n iq u en ess  ( s h o r t -r a n g e  in d e ­
p endence) and n o n -u n iq u en ess  ( lo n g -r a n g e  o r d e r ) ,  so  i t  i s  n a tu r a l to  
assume th a t  th e r e  i s  a l i n e  b etw een  th e  r e g io n s  where th e  two p h ases  
c o e x i s t .  T h is l i n e  i s  drawn a sy m p to tic  to  th e  l i n e  |j=2a=8b a s  d er iv ed  
by th e  p e r tu r b a tio n  method in  S e c t io n  V . I t  i s  n o t  known w hether or  
n o t th e  p h a s e -c o e x is te n c e  l i n e  g o es  to  0=0  a s |j,-+oo or l e v e l s  o f f  to  
some h o r iz o n ta l  p o s i t i v e  3 a sy m p to te , ( i . e . ,  i s  th e r e  a c r i t i c a l  
tem p eratu re?) O ther graphs in  th e  0-|j, p la n e  o f  th e s e  r e g io n s  w ith  a<2b 
lo o k  q u ite  s im ila r  even  w ith  b s l i g h t l y  p o s i t i v e  ( a < - l6 b ) .
B . P redom inantly  N e g a tiv e  P er p e n d icu la r  I n t e r a c t io n s .  Assume a=b<0. 
The r e g io n s  o f  u n iq u en ess  and n o n -u n iq u en ess  a s  d e r iv e d  in  S e c t io n  I I I  
and IV are  in d ic a te d  in  F ig u re  1 1 . As m entioned  in  paragraph A o f  t h i s  
s e c t io n ,  th e  YLR r e g io n  cannot be se e n  on th e  l in e a r  s c a le  o f  t h i s  
graph , a lth o u g h  i t  e x i s t s  fo r  a l l  (j, f o r  sm a ll enough p . For n e g a t iv e
(j, th e r e  e x i s t s  a r e g io n  o f  u n iq u en ess  and n o n -u n iq u e n e ss , so  i t  i s  a s ­
sumed th a t  th e  two p h ases can c o e x i s t  on some in t e r f a c e .  T h is  dashed  
in t e r f a c e  l i n e  i s  drawn a s y m p to t ic a l ly  t o  th e  |j=a+2b=3 b l i n e  d er iv ed
by th e  p e r tu r b a t io n  method in  S e c t io n  V. As b e fo r e ,  i t  i s  n o t  known 
w hether or  n o t  th e r e  i s  a c r i t i c a l  tem p eratu re above w hich th e r e  can  
be b u t one p h a se . O ther graphs w ith  a>2b lo o k  q u it e  s im ila r  even  w ith  
s l i g h t l y  p o s i t i v e l  a (b < - 17a ) .
C. P o s i t i v e  P a ir  I n t e r a c t io n .  Assume t h a t  a=3b>0. The r e g io n  o f  
u n iq u en ess  a s  d e r iv e d  in  S e c t io n  I I I  i s  shown in  F ig u re  1 2 . As b e fo r e ,  
th e YLR r e g io n  boundary can n ot be se e n  b eca u se  o f  th e  s c a l e .  I t  i s  n o t  
known i f  th e r e  i s  a r e g io n  w here lo n g  range ord er  i s  p o s s i b l e .  In sum­
mary, a l l  th a t  i s  known ab ou t t h i s  c a se  i s  th a t  a t  h ig h  enough tem per­
a tu r e s  th e r e  e x i s t s  but one phase (p resu m ably , th e  random p h a s e ) .
V I I .  CONCLUSION.
I t  has been  shown th a t  th e  r e s t r i c t e d  dim er m odel w ith  p red om in an tly  
n e g a t iv e  p a ir  in t e r a c t io n s  (u n le s s  a=2b , in  w hich  c a se  th e  d im ers have  
no p r e f e r e n t ia l  a lig n m e n t) can show lo n g -ra n g e  ord er  fo r  s u f f i c i e n t l y  
low tem p era tu res  and .h igh  enough ch em ica l p o t e n t i a l s .  I t  i s  su g g e ste d  
th a t  t h i s  r e g io n  in  th e  p-jx p la n e  can be a s s o c ia t e d  w ith  an ordered  
c lo se -p a c k e d  s t a t e .  I t  h as b een  shown th a t  th e r e  e x i s t s  a r e g io n  where 
th e r e  i s  sh o r t-r a n g e  in d ependence (D o b r u sh in 's  U niqueness T heorem ).
T h is  r e g io n  can be a s s o c ia t e d  w ith  th e  random p h a se . T h is  r e g io n  p r e ­
sum ably h as a s tr o n g  c o n n e c t io n  w ith  th e  h ig h  tem p eratu re a n a ly t i c  
s in g le  phase r e g io n  d e r iv e d  from th e  YLR Theorem. In any e v e n t ,  th e r e  
i s  s tr o n g  e v id e n c e  t h a t  th e r e  i s  a r e g io n  o f  lo n g  range ord er  and a  
re g io n  o f  random ord er  in  th e  p-jx p la n e  r e p r e se n t in g  th e  two d i f f e r e n t  
p h a s e s .  H ence, th e r e  m ust be a phase t r a n s i t io n  in  p a s s in g  from one  
r e g io n  t o  th e  o th er ,. I t  h a s  n o t  been  e s t a b l is h e d  w hether or n o t  th e r e  
i s  a r e g io n  o f  lo n g  range ord er  fo r  s u f f i c i e n t l y  p o s i t i v e  p a ir  in t e r ­
a c t io n s ,  a lth o u g h  a random phase e x i s t s  fo r  h ig h  tem p era tu res f o r  a l l  
ch em ica l p o t e n t i a l s .
REFERENCES
1 . HEILMAN, O .J . ,  and E .H . LIEB: P h y s. R ev. L e t te r s  2k,  l k l 2  ( 1 9 7 0 ) .
2 .  GRUBER, C ., and H. KUNZ: Commun. M ath. P h y s. 2 2 , 133 (1 9 7 1 ) .
3 -  HEILMAN, O .J .:  S tu d ie s  in  A p p lied  M athem atics 50* 3^5 (1 9 7 1 ) .
If. RUNNELS, L .K ., and J .B . HUBBARD: J .  S t a t .  P h y s. 6 , 1 (1 9 7 2 ) .
<v
5 . RUELLE, D .: P h y s . R ev. L e t te r s  2 6 , 8 3 2  ( I 9 7 I ) .
6 .  DOBRUSHIN, R .L .: F u n c t io n a l A n a l. A p p l. 2 ,  292 ( 1 9 6 8 ) .
r»J
7 .  DOBRUSHIN, R .L .: F u n c t io n a l A n a l. A p p l. 2 , 302  ( 1 9 6 8 ) .
8 . HEILMAN, O .J .:  L e t tr e  a l  Nuovo Cimento 3 ,  95  (1 9 7 2 ) .
9 .  GRIFFITHS, R .: P h ys. R ev. I3 6 , 1^37 ( 1 9 6 k ) .
1 0 . LEBCWITZ, J . L . ,  and G. GALLAVOTTI: J .  Math P h y s. 12 , 1129 (1 9 7 1 ) .
1 1 . GALLAVOTTI, G ., S . MIRACLE-SOLE, and D.W. ROBINSON: P h y s. L e t te r s  
25 A , 493  (1 9 7 1 ) .
W
1 2 . RUELLE, D .: S t a t i s t i c a l  M echan ics. 136 ( 1 9 6 9 ) .
1 3 . PEIERLS, R .: P ro c . Cambridge P h i l .  S o c . £ 2 ,  b j j  ( 1 9 3 6 ) .
I lf . GRIFFITHS, R .: J .  M ath. P h y s. 9 , 128k ( 1 9 6 8 ) .
r* J
1 5 . RUNNELS, L .K ., J .P .  SALVANT, and H.R. STREIFFER: J .  Chem P h y s . 52,
N T W
2352 (1 9 7 0 ) .
[P
J
F ig u r e  1
F ig u r e  2
F ig u r e  3

S>(o
t s  fc
/
F ig u r e  5









4- + +  4 - 4 - 4 -
F ig u r e  6
F ig u r e  J
F ig u r e  8
F ig u r e  9
n
M '
F ig u r e  10
I l k
A
F ig u r e  11
r
F ig u r e  12
VITA
Ben C. F r e a s ie r  was b o m  a t  B raw ley, C a l i f o r n ia ,  on February 16, 
19^5 • He a tten d ed  R uston High S c h o o l, and was graduated  May 19 6 3 . He 
r e c e iv e d  h is  B .S . In P h y s ic s  from L o u is ia n a  S ta te  U n iv e r s ity  in  I9 6 7 . 
He e n te r e d  th e Graduate S ch o o l o f  th e  L o u is ia n a  S ta te  U n iv e r s ity  in  
Septem ber 1967> where he i s  p r e s e n t ly  a ca n d id a te  fo r  th e D octor o f  
P h ilo so p h y  D eg ree .
He i s  p r e s e n t ly  m arried  to  th e  form er Linda Rowlands o f  C la ren ce , 
L o u is ia n a .
Candidate: 
Major Field: 
T itle  of Thesis:
EXAMINATION AND THESIS REPORT
Benjamin C. Freasier 
Chemical Physics 
Equilibrium States of A Dimer Model with Angular Forces
Approved:
ajor Professor and Chairman
Dean of the Graduate School
EXAM IN ING  COM M ITTEE:
Date of Examination:
March 1 , 1973__
